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SPECIAL HOLONOMY ON SPECIAL SPACES
MANUEL AMANN
Abstract. We characterise simply-connected biquotients which poten-
tially admit metrics of holonomy G2. We prove that there are at most
three real homotopy types of rationally elliptic such manifolds—all of
them being formal. In the course of this examination we classify rationally
elliptic homotopy types and characterise 7-dimensional simply-connected
biquotients from a rational point of view. Moreover, we also investigate
further manifolds of special holonomy, like manifolds of holonomy Spin(7)
or Sp(n)Sp(1) in special situations provided by rational ellipticity or
geometric formality.
Introduction
Due to Berger et al. simply-connected non-symmetric irreducible Riemann-
ian manifolds (M, g) fall into a very short list of possible holonomy types.
That is
Hol(M, g) ∈ {SO(n),U(n),SU(n),Sp(n),Sp(n)Sp(1),G2,Spin(7)}
where n = dimM , n = dimM/2 and n = dimM/4 respectively. (For the
definition of the holonomy group see Section 2.) Ignoring the “generic case” of
SO(n)-holonomy, one obtains manifolds of “special holonomy” which, inter-
estingly, reveal several pretty special topological features. One characteristic
all these manifolds share is a Lefschetz-like property which (formulated differ-
ently and more or less strong in the respective cases) underlies the structure
of Poincare´ duality of their real cohomology algebras.
This feature has a “formalising tendency”. Indeed, another interesting
conjectured property (cf. for example [5]) is the formality of simply-connected
manifolds of special holonomy. In simplified terms, this means that their
rational homotopy type is (up to the application of an algorithm) “the same”
as their rational cohomology algebra.
This was verified for Ka¨hler manifolds in [10] and for positive quaternion
Ka¨hler manifolds in [5]. Since SU(n)⊆U(n) and Sp(n)⊆U(2n) this ba-
sically leaves open the cases of G2-manifolds and Spin(7)-manifolds. In
[9] it is shown that the known topological properties of simply-connected
G2-manifolds are not enough to prove their formality. In this article we
shall prove this property under the additional assumption of rational elliptic-
ity, i.e. assuming that only finitely many homotopy groups are not entirely
torsion.
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2 MANUEL AMANN
This property, however, just serves as a first motivation for our investi-
gation, since we obtain a much more general result: We classify the real
homotopy type of elliptic G2-manifolds in the rationally elliptic case and we
show that there are no such manifolds of holonomy Spin(7). Actually, for
this we provide a real classification of all 7-dimensional spaces. Manifolds of
holonomy G2 and Spin(7) were investigated in [23] and both the methods
of investigation and the results reveal some similarities between them. So we
try to deal with them at the same time.
Theorem A. • A rationally elliptic compact manifold of dimension 7
does not admit a metric g with Holg(M) = Spin(7).
• Neither does any simply-connected eight-dimensional rationally el-
liptic manifold admit a metric with Holg(M) = SU(4). No 8-
dimensional compact homogeneous space admits a metric of holonomy
Sp(2).
• There are at most three different real types (the formal types S4 × S3,
CP2×S3 and CP2#CP2×S3) of simply-connected rationally elliptic
manifolds admitting a metric of holonomy G2.
• Every simply-connected irreducible rationally elliptic 8-manifold ad-
mitting a metric of holonomy contained in Spin(7) is formal.
As mentioned above, part of this theorem is proven via a stronger result,
namely the classification of real homotopy types of simply-connected rationally
elliptic spaces. We show that there are only the types
S7,S4 × S3, S2 × S5,CP2 × S3, S2 × S2 × S3,
S3 × CP2#CP2,S3×˜(S2 × S2)
where S3×˜(S2 × S2) is the only non-trivial real/rational S3-bundle over
S2 × S2—see Lemma 2.1.
A large and prominent class of rationally elliptic spaces are biquotients—
we recall the definition in Section 1. Thus it seems natural to sort out those
biquotients which might admit a metric of G2-holonomy.
Theorem B. Let M be a simply-connected biquotient admitting a metric of
holonomy G2. Then M is Sp(1) × Sp(1) × Sp(1)S1 × S1. In particular,
there is no such biquotient of a simple Lie group.
There is no homogeneous space admitting a metric of holonomy G2.
This result is a consequence of the subsequent classification result depicted
in Theorem C. We point the reader to the Ph.D. Thesis [11] by Jason
DeVito, where biquotients up to dimension 7 were classified and where further
properties of these spaces were investigated. Several examinations there go
deeper than what we need in this article; in particular, concrete actions of
the denominator group are studied. Nonetheless, for the convenience of the
reader and since the classification focus in [11] is clearly not a real one, we
produce a purely real classification result from scratch following an approach
by Totaro (cf. [39]) and are convinced that this approach will be easier to
follow than an adaptation of the results in [11].
Theorem C. A simply-connected seven-dimensional biquotient is as in Table
1.
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Table 1. biquotients GH in dimension 7
real type GH
S7 SU(4)SU(3), Sp(2)Sp(1),
Spin(7)/G2,SO(8)/SO(7)
S4 × S3 (Sp(2)/Sp(1))× Sp(1)
S2 × S5 SU(3)S1, SU(3)× Sp(1)S1 × Sp(1),
SU(4)× Sp(1)Sp(2)× S1
CP2 × S3 SU(3)× Sp(1)S1 × Sp(1)
S2 × S2 × S3 Sp(1)× Sp(1)× Sp(1)S1 × S1
S3 × CP2#CP2 Sp(1)× Sp(1)× Sp(1)S1 × S1
S3×˜(S2 × S2) Sp(1)× Sp(1)× Sp(1)S1 × S1
We point the reader to [40] where infinitely many rationally distinct
biquotients in dimension six, in particular, are constructed.
Moreover, we provide several classification results for positive quaternion
Ka¨hler manifolds and we also investigate special holonomy in combination
with geometric formality—see Sections 4 and 5.
For example (see Theorem 4.1) we show that every positive quaternion
Ka¨hler manifold diffeomorphic to a biquotient of the rational homotopy type
of a compact rank one symmetric space is homothetic to
HPn, G2/SO(4) or Gr2(C4)
Let us state the following conjecture (which follows easily from the classical
LeBrun–Salamon conjecture—cf. Section 4—in this context) and which spurs
this investigation.
Conjecture. A positive quaternion Ka¨hler manifold is (rationally) elliptic
and geometrically formal.
We shall also motivate this conjecture at the end of Section 5.2. For a
definition of ellipticity (over Z instead of Q) we point the reader to [15].
We end this article by a comment on a change of the coefficient field—see
Theorem 6.1. It implies, in particular, that if in a certain dimension there
are infinitely many complex homotopy types of compact manifolds, then
there are also already infinitely many real homotopy types.
Structure of the article. In Section 1 we recall some definitions and
some well-known results from special holonomy. In Section 2 we provide a
classification of simply-connected 7-dimensional real homotopy types, which
finally yields a proof of Theorem A. In Section 3 we prove Theorem B, the
real classification of 7-dimensional simply-connected biquotients. From this
result Theorem C then follows via some further arguments. In Section 4
we deal with the properties of rationally elliptic positive quaternion Ka¨hler
manifolds before we investigate geometric formality in the context of special
holonomy in Section 5. In Section 6 we provide the result on the change of
the coefficient field.
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1. Preliminaries
Recall the definition of the holonomy group of a Riemannian manifolds
(M, g) as the group
Holx(M, g) = {Pγ | γ is a closed loop based at x}⊆GL(TxM)
Here Pγ denotes parallel transport and the holonomy group Holg(M) :=
Holx(M, g) is independent of the chosen base point x up to inner automor-
phism.
As indicated in the introduction Berger’s theorem allows to speak of man-
ifolds of “special holonomy” U(n),SU(n),Sp(n),Sp(n)Sp(1),G2,Spin(7),
and these manifolds bear remarkable topological features. Most prominently,
they share Lefschetz-like properties. We shall illustrate this in the case of
manifolds of holonomy G2 or Spin(7).
A compact manifold M of holonomy G2 is orientable, spin, pi1(M) is
finite and the first Pontryagin class does not vanish, i.e. p1(M) 6= 0—see [23,
Theorem 10.2.8, p. 247]. In [23, Proposition 10.2.6, p. 246] it is proven that
a compact manifold M with Hol(M) = G2, satisfies
〈a ∪ a ∪ [ω], [M ]〉 < 0(1)
for every non-zero a ∈ H2(M ;R) and with respect to the 3-form ω defining
the G2-structure (cf. [23, Definition 10.1.1, p. 242]).
The analogue holds for compact Spin(7)-manifolds (cf. [23, Proposition
10.6.6, p. 261]) with the respective 4-form ω (cf. [23, Definition 10.5.1,
p. 255]). So, in particular, combining this with Poincare´ duality one obtains
Lefschetz-like properties for manifolds with holonomy G2 or Spin(7). It
holds
∪ω : H2(M ;R) ∼=−→ Hn−2(M ;R)
for the closed 3-form ω defining the G2-structure and n = 7; respectively the
4-form ω defining the Spin(7)-structure and n = 8.
If Hol(M) = Spin(7), [23, Theorem 10.6.8, p. 261] gives further strong
topological restrictions; there is the following relation on Betti numbers:
b3 + b
+
4 = b2 + 2b
−
4 + 25(2)
where b+4 + b
−
4 = b4 and b
+
4 ≥ 1. The manifold is simply-connected and
spin with Aˆ(M)[M ] = 1—cf. [23, Equation 10.25, p. 260] together with [23,
Proposition 10.6.5, p. 260]. A direct consequence of the latter result is that
there are no smooth effective S1-actions upon M due to [6]. In particular,
we shall not find any homogeneous space that admits a metric with such
holonomy.
In the case of holonomy equal to SU(4) we cite from [34, Theorem p. 113]
that
b3 + b
+
4 ≥ 50(3)
Finally, we recall the definition of a biquotient: Let G be a compact
connected Lie group and let H ⊆G×G be a closed (Lie) subgroup.
Then H acts on G on the left by (h1, h2) · g = h1gh−12 . The orbit space
G/H of this action is called the biquotient GH of G by H. If the action of
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H on G is free, then GH possesses a manifold structure. This is the only
case we shall consider.
2. Proof of Theorem A
In this section we provide a proof of Theorem A. An essential ingredient
in this proof will be a more general result, namely the real classification of
7-dimensional rationally elliptic spaces.
Since the groups pi∗(M) ⊗ R vanish if and only if so do the pi∗(M) ⊗ Q
“real ellipticity” is equivalent to rational ellipticity. However, let us use the
latter, more common terminology.
A rationally elliptic space satisfies strong restrictions on the configuration
of both its rational homotopy groups and Betti numbers. We recall the
homotopy Euler characteristic
χpi(M) = dimpiodd(M)⊗Q− dimpieven(M)⊗Q
We cite the following relations from [16, p. 434].∑
i
deg xi ≤ 2 · dimM − 1(4) ∑
i
deg yi ≤ dimM(5)
dimpi∗(M)⊗Q ≤ dimM(6) ∑
i
deg xi −
∑
j
(deg yj − 1) = dimM(7)
χpiM ≥ 0 and χM ≥ 0 and χpiM > 0⇔ χM = 0(8)
Here the xi form a homogeneous basis of piodd ⊗ Q and the yi form a
homogeneous basis of pieven ⊗Q.
These relations permit to prove the following classification result. Compare
this to the classification (see [17, Example 3.8, p. 108], [32, Lemma 3.2, p. 426])
of 4-manifolds, which fall into the rational homotopy types
S4,CP2,S2 × S2,CP2#CP2
and the homeomorphism types
S4,CP2,S2 × S2,CP2#CP2,CP2#CP2
Note that CP2#CP2 'Q S2 × S2.
Proposition 2.1. (1) A simply-connected rationally elliptic 4-dimen-
sional space M has the real homotopy type of S4, CP2, S2 × S2,
CP2#CP2.
(2) The real homotopy type determines the rational homotopy type in the
case of S4, CP2.
(3) There are infinitely many rational homotopy types realising the real
homotopy types CP2#CP2 and CP2#CP2 'Q S2 × S2 respectively.
So there are infinitely many different rational homotopy types of
orbifolds in each of these cases.
(4) There are infinitely many rational homotopy types of simply-connected
smooth compact simply-connected seven-manifolds.
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(5) A simply-connected 7-dimensional rationally elliptic space M has one
of the following real homotopy types
S7,S4 × S3, S2 × S5,CP2 × S3, S2 × S2 × S3,
S3 × CP2#CP2,S3×˜(S2 × S2)
where S3×˜(S2 × S2) is the only non-trivial rational/real S3-bundle
over S2 × S2.
Proof. ad (1),(2) We can easily compute that the rational homotopy
groups of M fall into one of the following categories
(1) pi∗(M) ⊗ Q = pi4(M) ⊗ Q ⊕ pi7(M) ⊗ Q with dimpi4(M) ⊗ Q =
dimpi7(M)⊗Q = 1.
(2) pi∗(M) ⊗ Q = pi2(M) ⊗ Q ⊕ pi5(M) ⊗ Q with dimpi2(M) ⊗ Q =
dimpi5(M)⊗Q = 1.
(3) pi∗(M) ⊗ Q = pi2(M) ⊗ Q ⊕ pi3(M) ⊗ Q with dimpi2(M) ⊗ Q =
dimpi3(M)⊗Q = 2.
Indeed, since a rationally elliptic space satisfies Poincare´ duality, we obtain
H1(M) = H3(M) = 0 and χ(M) > 0. This implies that χpiM = 0 due to
(8). According to (4) we have that dimpiodd(M) ≤ 2 and (4) and (7) then
yield the potential configurations: That is, if pi7(M)⊗Q 6= 0, then is Q and
piodd(M)⊗Q = pi7(M)⊗Q. The same holds for pi5(M)⊗Q. The fact that
H i(M) = 0 for i > 4 then implies that H∗(M) = H4(M) = Q in the first case
and H∗(M) = Q[x]/x3 for deg x = 2 in the second one. In the remaining case,
Case (3), we necessarily have dimpiodd(M)⊗Q = dimpi3(M)⊗Q = 2 and
dimpieven(M)⊗Q = dimpi2(M)⊗Q = 2 by (7). Positive Euler characteristic
then implies that H∗(M) is a truncated polynomial ring—by a regular
sequence—generated by two elements in degree 2.
It is now easy to see that Case (1) implies that M has the rational type
of S4. Case (2) can only be realised by CP2.
For Case (3) we form the minimal model of such a space as (ΛV,d) with
V = 〈a, b, x, y〉, deg a = deg b = 2, deg x = deg y = 3 and d vanishes in
degree 2 and is injective on degree 3.
Via a change of basis and the fact that the differentials of x and y must
form a regular sequence, Case (3) now falls into several subcases (up to
isomorphism).
(3.1) d(x) = a2 + sb2, d(y) = ab
(3.2) d(x) = a2 + sab, d(y) = b2
(3.3) d(x) = a2 + sab, d(y) = b2 + tab
with s 6= 0 in Case (3.1), s, t 6= 0 in Case (3.3).
Case (3.1) has the real homotopy type of CP2#CP2 via the isomorphism
a 7→ a, b 7→ (1/√s)b, x 7→ x, y 7→ (1/√s)y if s > 0, and the real homotopy
type of CP2#CP2 via the isomorphism a 7→ a, b 7→ (1/√−s)b, x 7→ x,
y 7→ (1/√−s)y if s < 0.
Case (3.2) corresponds to S2a+(s/2)b × S2b up to the isomorphism on coho-
mology induced by a 7→ a+ s2b, b 7→ b. This is an isomorphism of rational
homotopy types. The space S2a × S2b is rationally equivalent to CP2#CP2 as
the isomorphism induced on minimal models by a 7→ a+ b, b 7→ a− b shows.
As for Case (3.3) we differentiate between the following subcases
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(3.3.1) 1− st ≥ 0
(3.3.2) 1− st < 0
In Case (3.3.1) we compute that we have the equivalent relations a2 + (s+
kt)ab+ kb2 for k ∈ Q and b2 + tab = 0. Obviously, t = 0 yields the previous
case. Since 1−st ≥ 0, the equations v2 = k and 2v = s+kt yield the quadratic
equation tv2 − 2v + s = 0, which is solvable in v ∈ R via v = 1±
√
1−st
t . In
other words, we may replace the relations by yet further equivalent ones:
(a+ vb)2 = 0, b2 + tab = 0. Setting c := a+ vb we recognise Case (3.2) in
the relations
c2 = 0, (1− v)b2 + tbc = 0.
unless 1 − v = 0 ⇔ s = 1/t. If st = 1, then the relations yield ac = 0 and
c2 = 0, which is a contradiction to a regular sequence. The setting then is
equivalent to S2 × S2.
For Case (3.3.2) we specify the isomorphism
ϕ : H(ΛV,d)→ H∗(CP2#CP2)
defined by a 7→ a+ b, b 7→ −1+
√
st−1
s a+
−1+√st−1
s b. That is, it is represented
by the matrix (
1 1
−1+
√
st−1
s
−1+√st−1
s
)
with determinant 2
√
st−1
s 6= 0, since 1− st < 0. Note that the existence of
the isomorphism ϕ is equivalent to specifying an isomorphism of rational
types. For this we note that both spaces are hyperformal, i.e. in particular,
intrinsically formal and there is exactly one rational homotopy type realising
the respective rational cohomology algebras.
The morphism ϕ is a well-defined morphism of algebras: We compute that
0 = ϕ(a2 + sab)
= ϕ(a)2 + sϕ(a)ϕ(b)
= (a+ b)2 + s(a+ b)
(
− 1 +
√
st− 1
s
a+
−1 +√st− 1
s
b
)
= 2a2 − s · (2/s)a2
= 0
and analogously for the second relation 0 = ϕ(b2 +tab) = ϕ(b)2 +tϕ(a)ϕ(b) =
(2t/s)a2 − (2t/s)a2 = 0. This proves that Case (3.3.2) is equivalent to
CP2#CP2.
ad (3) Let us now prove that there are infinitely many rational types
realising the real type of CP2#CP2 respectively of CP2#CP2 'Q S2 × S2.
We make the following observation: We can define an isomorphism ψm = (m·)
of cochain algebras on (V,d) via a 7→ ma, b 7→ mb, x 7→ m2x, y 7→ m2y for
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m ∈ Q \ {0}. Indeed, we obtain
ψm(dx) = ψ(k1a
2 + k2ab+ k3b
2)
= m2(k1a
2 + k2ab+ k3b
2)
= d(m2x)
= d(ψm(x))
and analogously for y.
Let (ΛV,d1) and (ΛV,d2) be two minimal Sullivan algebras (over Q) of
spaces M1 and M2 within Case (3.1). The first relation for (ΛV,d1) is
given by a2 + sb2, the one for (ΛV,d2) by a
2 + tb2. Now suppose that
ϕ : H∗(M1) → H∗(M2) is an isomorphism between them defined by a 7→
k1a+ k2b, b 7→ k3a+ k4b with k1, k2, k3, k4 ∈ Q. (By abuse of notation we
do not differentiate between the morphism in cohomology and the one on
Sullivan algebras.) Using the composition ψ1/k1 ◦ ϕ with the automorphism
ψ1/k1 we may assume that k1 = 1 unless k1 = 0.
If k1 = 0, we apply the same argument to restrict to the case when k2 = 1—
ϕ(a) may not vanish entirely then. Now we have ϕ(a) = b, ϕ(b) = k3a+ k4b.
Since ϕ is multiplicative, we compute 0 = ϕ(ab) = b(k3a+ k4b) = k4b
2 and
0 = ϕ(a2 + sb2) = b2 + sk23a
2 = (1 − tsk23)b2. The relation 1 − tsk23 = 0 is
equivalent to
k3 = ±
√
1/(st)(9)
Let us now deal with the case when k1 = 1. Let (ΛV,d1) be given by
d1x = a
2 + sb2, d1y = ab, and (ΛV,d2) by d2x = a
2 + tb2, d2y = ab. The
fact that ϕ is multiplicative yields that 0 = ϕ(ab) = (a + k2b)(k3a + k4b)
which is equivalent to
−tk3 + k2k4 = 0(10)
Analogously, we derive that (a+ k2b)
2 + s(k3 + k4b)
2 = 0, which is equivalent
to
−t+ k22 + s(−tk23 + k24) = 0(11)
Equation (10) yields k3 = k2k4/t. (Obviously, s, t 6= 0 for the relations to
form a regular sequence.) Using equation (11) we derive k2 = ±
√
t and
k3 = ± k4√t . The determinant detϕ then computes as 1 · k4 −
±k4√
t
· (±√t) = 0
and ϕ is not invertible; a contradiction.
This means that an isomorphism is subjected to the relations leading to
Equation (9). Now let the s 6= t run over the prime numbers. Then k3 is
never rational and M1 and M2 cannot have the same rational homotopy
type. More precisely, we can find infinitely many parameters s, t belonging
to M1,M2 such that these spaces have the same real homotopy type, but are
not equivalent over the rationals.
From this equation we can also easily see that CP2#CP2 and CP2#CP2
are not even equivalent over the reals.
Every rational type may be realised by an orbifold due to Barge–Sullivan—
see [38, Theorem 13.2, p. 321].
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ad (4) As for the assertion on 7-dimensional manifolds, note that every
rationally elliptic Sullivan model may be realised by a compact smooth
manifold in dimension not divisible by four. So it suffices to consider the
product Sullivan algebra corresponding to S3 ×M with M four-dimensional
running over the infinitely many pairwise distinct rational types we just
constructed. For degree reasons any morphism between the minimal models
of these spaces has to respect the product splitting. Hence the 7-manifolds
cannot be rationally equivalent.
ad (5) Denote by xi a homogeneous basis of piodd(M) ⊗ Q and by yi
a homogeneous basis of pieven(M) ⊗ Q). Using the equations (4), (5), (6),
(7) and (8) we deduce that
∑
deg yi ≤ 7 and
∑
deg xi ≤ 13. Since M is
simply-connected, this implies that deg yi ≥ 2 and there are at most three
even-degree generators yi. Analogously, there are at most four odd-degree
elements xi.
For degree reasons and 1-connectedness, any non-vanishing Massey product
in H∗(M) has to have degree 5. This implies that pieven(M)⊗Q = 〈y1, y2, y3〉
projects surjectively to the generators of the cohomology algebra H∗(M)
under the Hurewicz map. Passing from the minimal Sullivan model (ΛV,d)
of M to the associated pure model (ΛV,dσ) (which is finite-dimensional
if and only if so is the model itself—see [16, Proposition 32.4, p. 438]) we
observe that in this case there are at least three odd degree elements x1, x2, x3
generating three dimensional odd rational homotopy. Since dimM is odd,
we even obtain that piodd(M) ⊗ Q = 〈x1, x2, x3, x4〉 of dimension 4. Since
the dimension of the associated pure model is the same as dimM (see [16,
Proposition 32.7, p. 442]), we may assume that d(yi) = dσ(yi) = 0 for
i ∈ {1, 2, 3}. Thus all the yi define cohomology classes and deg yi ∈ {2, 4} by
Poincar’e duality. Suppose deg yi = 4 for all three of them, then, for dimM
to be finite-dimensional, three of the elements xi have to lie in degrees 4k− 1
with k ≥ 2. The formula
7 =
∑
deg xi −
∑
(deg yi − 1)(12)
then yields a contradiction. Suppose exactly two of the yi, say y1, y2, lie in
degree 4, the element y3 lies in degree 2. Then, by analogous arguments,
two of the xi lie in degrees at least 5, with at least one in degree 7 or
larger. Formula (16) again yields a contradiction—the dimension would have
to be 11 at least. (Alternatively, one might argue using Poincare´ duality
pi3(M)⊗Q ∼= H3(M) ∼= H4(M).)
If deg y1 = deg y2 = 2 and deg y3 = 4, formula (16) yields x1+x2+x3+x4 =
12 and deg xi = 3 for i ∈ {1, 2, 3, 4}. Thus the subalgebra generated by [y3]
is infinite-dimensional; a contradiction.
If deg y1 = deg y2 = deg y3 = 2, formula (16) yields x1 +x2 +x3 +x4 = 10;
a contradiction, since deg xi ≥ 3 due to 1-connectedness.
Suppose next that there are exactly 2 generators y1, y2. Then there
are at least 3 elements x1, x2, x3, possibly also x4. As above we see that
deg y1, deg y2 ∈ {2, 4}. Suppose first deg y1 = deg y2 = 4. Then, again, at
least two of the xi lie in degrees 4k − 1 with k ≥ 2 and dimM ≥ 11; a
contradiction.
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Assume now deg y1 = 2,deg y2 = 4. Again, the finite formal dimension of
H∗(M) implies that deg x1 = 4k − 1 with k ≥ 2. Formula (16) applied to
deg x1 ≥ 7,deg x2 ≥ 3,deg x3 ≥ 3 yields a contradiction.
Suppose deg y1 = deg y2 = 2. Formula (16) implies that dimpiodd(M) ⊗
Q = 3 and deg x1 = deg x2 = deg x3 = 3. If, without restriction, dx1 =
0, then M rationally splits as a product of S3 'Q (Λ〈x1〉, 0) and a four-
dimensional rationally elliptic space with rational cohomology generated by
[〈y1, y2〉]. The classification of these algebras from above shows that M has
the rational homotopy type of S3 × (CP2#CP2) or of S3 × S2 × S2 in this
case.
If dx1 6= 0, i.e. if d|〈x1,x2,x3〉 is injective, we obtain that H4(M) = 0 and
this case uniquely corresponds to the rational bundle of S3 over S2×S2 where
S3 is attached to the volume form up to a non-trivial multiple.
Assume now there is only one even-degree generator y1. The finite-
dimensionality of the cohomology algebra implies that dx1 = y
k
1 for some
k ≥ 2. Thus M rationally splits as a product of a rational CPk−1 or a
rational HPk−1 and odd degree sphere factors. Formula (16) together with
1-connectedness then implies the possibilities from the assertion.
If the rational homotopy is concentrated in odd degrees only, 1-connectedness
directly shows that M is a rational sphere.
It is trivial to see from homotopy groups combined with obvious arguments
using cohomology that the given spaces are not rationally equivalent. In the
case of S3 × S2 × S2 and S3 × CP2#CP2 one uses the argument from (4)
again. 
Proof of Theorem A. The first assertion on the non-existence of met-
rics of holonomy Spin(7) can be derived as follows: Relation (2) yields
b4 ≥ b+4 ≥ b2 − b3 + 25 and b3 + b4 ≥ b2 + 25. Let (ΛV,d) be the minimal
model of M . Since M is simply-connected, we obtain that
dimpi2(M)⊗Q = dimV 2 = b2
dimpi3(M)⊗Q = dimV 3 ≥ b3
dimpi4(M)⊗Q = dimV 4 ≥ b4 − dim Sym2(V 2) = b4 −
b2(b2 + 1)
2
In particular, we see that
dimpi∗(M)⊗Q ≥ b2 + b3 +
(
b4 − b2(b2 + 1)
2
)
= b3 + b4 +
b2(1− b2)
2
≥ 25 + b2 + b2(1− b2)
2
= 25 +
b2(3− b2)
2
Since we have that dimV 2 = b2, equation (5) yields, in particular, that
2·b2 ≤ dimM = 8 and that b2 ≤ 4. Thus we derive that dimpi∗(M)⊗Q ≥ 23,
which contradicts (6).
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The assertion on holonomy contained in SU(4) follows from Inequality
(3), which implies that b3 + b4 ≥ 50. Indeed, arguing as before using (5), the
Betti numbers b2 and b3 are restricted from above by dimpi2(M) ⊗ Q ≤ 4
and dimpi3(M)⊗Q ≤ 5 respectively. The fourth Betti number is restricted
from above by dimpi4(M) ⊗ Q + b2(b2+1)2 ≤ 2 + 10 = 12. It follows that
b3 + b4 ≤ 5 + 12 = 17 and the manifold M cannot carry holonomy SU(4).
From [23, Theorem 10.6.1, p. 259] we derive that Hol(M) = Sp(2) if and
only if Aˆ(M) = 3. Due to [23, Corollary 3.6.3, p. 67] the manifold M is
spin. Thus a homogeneous structure implies in particular the existence of a
smooth S1-action on M . Due to [6] the Aˆ-genus has to vanish in this case; a
contradiction.
From Proposition 2.1 we directly see that the cohomological properties
of a manifold with G2-holonomy can only be satisfied by the real types of
S4 × S3, CP2 × S3, S3 × CP2#CP2. Indeed, the only types with b3 6= 0 are
these and additionally S2 × S2 × S3 'Q S3 × CP2#CP2.
This latter case can be excluded by the structure of the cohomology algebra.
We use the description as S2 × S2 × S3 and we denote the two generators of
the second rational cohomology corresponding to the respective S2-factors
by a and b. We compute a2 · ω = 0 contradicting (1).
It is obvious that any of these real types is formal—recall that formality
does not depend of the extension field of Q. Due to Berger and [23, Theorem
10.5.7, p. 256] an irreducible manifold with holonomy contained in Spin(7)
has either holonomy Spin(7), G2, SU(4), Sp(2) or is a symmetric space.
(Note that the holonomy group is necessarily connected.) In either case
(using the formality of Ka¨hler manifolds from [10]) it is formal once we
assume it to be rationally elliptic. This finishes the proof. 
3. Proof of Theorem B
Due to [39, Lemma 3.3, p. 408] we may assume throughout this article
(up to diffeomorphism) that a biquotient GH satisfies that G is simply-
connected, H is connected and H does not act transitively on any simple
factor of G.
Denote by d(G) the largest degree of a non-vanishing rational homotopy
group of the compact Lie group G. This degree is given as in Table 2—see
[39, Table 4.2, p. 410]. We cite [39, Lemma 4.3, p. 410].
Lemma 3.1. Let H → G be a non-trivial homomorphism of simply-connected
simple Lie groups. Then the maximal degrees of non-vanishing rational
homotopy groups d(H), d(G) satisfy d(H) ≤ d(G) with equality if and only
if either the homomorphism is bijective or G/H is one of the following
homogeneous spaces.
S2n−1 for n ≥ 4, SU(2n)/Sp(n) for n ≥ 2,
S7 × S7 = Spin(8)/G2, E6/F4
The case of S2n−1 is realised by Spin(2n)/Spin(2n−1) and by Spin(7)/G2 =
S7.
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Table 2. degrees of rational homotopy groups
G i with dimpii(G)⊗Q = 1 d(G)
SU(n), 3, 5, 7, . . . , 2n− 1 2n− 1
SO(n), n ≥ 4 even 3, 7, 11, . . . , 2n− 5, n− 1 2n− 5
SO(n), n odd 3, 7, 11, . . . , 2n− 3 2n− 3
SO(2) 1 1
Sp(n), 3, 7, 11, . . . , 4n− 1 4n− 1
G2 3, 11 11
F4 3, 11, 15, 23 23
E6 3, 9, 11, 15, 17, 23 23
E7 3, 11, 15, 19, 23, 35 35
E8 3, 15, 23, 27, 35, 39, 47, 59 59
Recall that we assumed G to be simply-connected and H to be connected.
Up to finite covering we may split H = H1 × . . .×Hk with simple simply-
connected factors and S1-factors. We also split G = G1 × . . . Gl into simple
factors. Up to diffeomorphism we may assume thatH does not act transitively
on any factor of G—see [39, Corollary 4.6].
Note that Proposition 2.1 implies that the homotopy Euler characteristic
χpi(M) = dimpiodd(M)− dimpieven(M) = 1
for a simply-connected seven-dimensional rationally elliptic space M . Since
χpi(GH) = rkG− rkH we derive that
rkG = rkH + 1(13)
The proof of Theorem B will basically proceed in two cases. In the first
case we assume that for all i, j we have that the orbit inclusion H ↪→ G
satisfies that whenever there is an injective projection Hi ↪→ Gj we have
d(Hi) < d(Gj). In the second case we assume that there exists an Hi mapping
injectively into some Gj with d(Hi) = d(Gj).
3.1. Case 1. d(Hi) < d(Gj). Depending on the rational type of the
biquotient—using the top degree of its rational homotopy groups—we de-
termine all potential Lie groups (up to isomorphisms and finite coverings)
which may be factors Gj in Table 3.
Table 3. potential factors Gj
real type deg pi∗(M) Gj
S7 7 SU(4),SU(3),SU(2),SO(5)
S4 × S3 3, 4, 7 SU(4),SU(3),SU(2),SO(5)
S2 × S5 2, 3, 5 SU(3),SU(2)
CP2 × S3 2, 3, 5 SU(3),SU(2)
remaining 2, 2, 3, 3, 3 Sp(1)
In Table 4 we determine all potential pairs (G,H).
This table arises as follows:
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• First, we determine the maximal number l of factors of G. For this we
consider the orbit map H → Gj for the respective factors of G. If the
induced map on rational homotopy groups pi∗(H)⊗Q→ pi∗(Gj)⊗Q is
surjective, then H acts transitively on Gj and, up to diffeomorphism,
we may cancel this factor—see [39, Corollary 4.6] and [39, Lemma 3.2].
Thus, we may assume that each factor Gj non-trivially contributes
rational homotopy groups to G H. By the construction of the
Sullivan model of this biquotient, homotopy groups contributed by G
are necessarily of odd degree. Thus the respective rational homotopy
types provide effective upper bounds on the number of factors of G.
More precisely, in the case of S7 there is only one factor, in the case
of S4 × S3 there are at most two factors, for S2 × S5 also at most two
factors, as well as for CP2 × S3, in the remaining cases there are up
to three factors.
• Second, we use Property (17) and the fact that 7 = dimGH =
dimG−dimH in order to determine all potential groups G. Note that
only one factor may have a non-trivial top degree rational homotopy
group; so there has to be exactly one such factor.
• We do have to compute rational homotopy groups and Betti numbers
in some cases to prove that certain pairs (G,H) cannot realise a biquo-
tient. An example of this is (SU(3)×SU(3),Sp(1)×Sp(1)×Sp(1)).
This cannot realise a biquotient, since there will be a generator of
the rational cohomology algebra in degree 4 which will generate an
algebra isomorphic to H∗(HP∞).
• Finally, this yields Table 4. Note that the pairs
(SU(4)× SU(3),SU(3)× SU(3))
(SU(4)× Sp(1),SU(3)× SU(2))
(Sp(2)× SU(3),Sp(1)× SU(3))
(SU(3)× Sp(1),S1 × Sp(1))
a priori might arise from orbit inclusions which do not map the second
factor of H onto G2.
Table 4. potential pairs (G,H), Case 1
real type (G,H)
S7 (SU(4),SU(3), (Sp(2),Sp(1)), (SU(3),S1)
S4 × S3 (SU(4),SU(3)), (Sp(2),Sp(1) , (SU(3),S1),
(SU(4)× SU(3),SU(3)× SU(3)),
(SU(4)× Sp(1),SU(3)× SU(2)),
(Sp(2)× SU(3),Sp(1)× SU(3))
S2 × S5 (SU(3),S1), (SU(3)× Sp(1), S1 × Sp(1))
CP2 × S3 (SU(3),S1), (SU(3)× Sp(1), S1 × Sp(1))
remaining (Sp(1)× Sp(1)× Sp(1),S1 × S1)
Let us now provide the following lemma to reduce the list of potential
biquotients.
14 MANUEL AMANN
Lemma 3.2. • We have M = SU(3)S1 'Q S2 × S5 (irrespective of
the action of the S1).
• A biquotient Sp(2)Sp(1) is either diffeomorphic to the 7-sphere or
the Gromoll–Meyer sphere.
• A biquotient SU(4)SU(3) is diffeomorphic to the 7-sphere.
Proof. The first assertion can be derived as follows. Suppose the S1 acts
via
(diag(za1 , zb1 , z−a1−b1),diag(za2 , zb2 , z−a2−b2))
We build the Sullivan model of this biquotient as
(Λ〈u, x, y〉,d)
with deg u = 2, deg x = 3,deg y = 5 and du = 0,
dx = −a21 + 2a1a2 − a22 − a1b1 + a2b1 − b21 + a1b2 − a2b2 + 2b1b2 − b22
It is obvious that M has not the rational type of S2×S5 if and only if dx = 0.
This yields
a1 =
1
2
(
2a2 − b1 + b2 ±
√
−3(b1 − b2)2
)
Thus we deduce b1 = b2 and a1 = a2 in this case. Yet, the S1-action given
by these rotation numbers is not free.
For the second assertion we use the classification of homogeneous 7-
manifolds (see [25]) in order to see that there is no such space which has a
non-trivial third rational homotopy group, but which is rationally 2-connected.
In other words, this implies that the orbit inclusion Sp(1) ↪→ Sp(2) of the
biquotient must be an isomorphism on the rationalised third homotopy group.
Consequently, pi∗(Sp(2)Sp(1))⊗Q is concentrated in degree 7 and a rational
7-sphere. Due to the classification in [24] we derive that this biquotient is
either the sphere or the Gromoll–Meyer sphere.
The third assertion can be deduced easily, since the only inclusion (up
to conjugation) of SU(3) into SU(4) is the standard one. So the orbit
inclusion is rationally 6-connected. Again by [24] we see that this biquotient
is diffeomorphic to the 7-sphere. 
For rank reasons there is no inclusion SU(3) × SU(3) ↪→ SU(4) and
thus the projection to G2 = SU(3) has to be non-trivial. Since this is a
simple Lie group, we obtain the following: The induced orbit map for the
pair (SU(4)Q × SU(3)Q,SU(3)Q × SU(3)Q) (where the subscript denotes
rationalisation) has to be surjective after projection onto the factor G2,
i.e. pi∗(SU(3)×SU(3))⊗Q→ pi∗(SU(4)×SU(3))⊗Q→ pi∗(SU(3))⊗Q is
surjective and, up to diffeomorphism the pair (SU(4)×SU(3),SU(3)×SU(3))
corresponds to (SU(4),SU(3)).
A similar argument applies to the pair (SU(4)× Sp(1),SU(3)× SU(2)).
Indeed, there is no inclusion of SU(3) × SU(2) into SU(4) so that the
action is transitive on G2 = Sp(1) and both Sp(1) ∼= SU(2) factors can be
cancelled.
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Since SU(3) cannot be realised as a subgroup of Sp(2) (not even up to finite
covering), an analogous argument also applies to (Sp(2)× SU(3),Sp(1)×
SU(3)).
Lemma 3.3. A biquotient SU(3)×Sp(1)S1×Sp(1) has either the rational
type of S2 × S5 or is diffeomorphic to the product CP2 × S3.
Proof. If the orbit inclusion does not map H2 = Sp(1) surjectively to
G2 = Sp(1) (up to finite covering and after projecting to G2), then we have
to differentiate between the two cases: Either H1 = S1 maps non-trivially
into G2 = Sp(1) or not. In the first case, the model of this biquotient yields
that the generator of the cohomology algebra of the biquotient corresponding
to this S1 has vanishing square. In the second case, the biquotient is just
CP2×S3. Indeed, in this case we have an orbit inclusion S1×Sp(1) ↪→ SU(3).
Up to conjugation and due to the classification of maximal rank subgroups
this is the standard inclusion S(U(2) ×U(1)) ↪→ SU(3). Thus the action
of S1 × Sp(1) is trivial on G2 = Sp(1). Thus the biquotient splits as a
product of Sp(1) and an equal rank biquotient of SU(4) of the rational type
of CP2. According to the classification of biquotients with singly generated
ratonal cohomology algebra (see [24]) we obtain that H1  S1 × Sp(1) =
(U(3)/U(1)×U(2))× Sp(1) = CP2 × Sp(1). 
Lemma 3.4. A biquotient Sp(2) × Sp(1)Sp(1) × Sp(1) is either diffeo-
morphic to the sphere, the Gromoll–Meyer sphere or S4 × S3.
Proof. Consider the orbit inclusion Sp(1) × Sp(1) ↪→ Sp(2) × Sp(1).
Either the induced map on pi3(·) ⊗ Q is surjective on G2 = Sp(1) and the
biquotient is diffeomorphic to Sp(2)Sp(1) or the orbit includes completely
into G1 = Sp(2). In this case the biquotient splits as Sp(2)Sp(1)× Sp(1).
In either case we use the classification in [24] to see that we either obtain
the sphere, the Gromoll–Meyer sphere (first case) or S4 × S3 (second case)
up to diffeomorphism. 
These arguments combine to see that Table 5 provides a complete list of
biquotients. It is trivial to see that every given real homotopy type can be
realised by one of these biquotients. For the case of the non-trivial rational
bundle we use
Corollary 3.5. A simply-connected rationally elliptic space is formal unless
it has the real type of S3×˜(S2 × S2). This type can be realised by the homoge-
neous space Sp(1)×Sp(1)×Sp(1)/S1×S1 with the inclusion (a, b) 7→ (a, b, a·b)
already.
Proof. This follows from Proposition 2.1 and a simple computation of the
rational homotopy type of the given homogeneous space. 
3.2. Case 2. Suppose now that in the orbit inclusion there is a factor Hi
mapping to some Gj with d(Hi) = d(Gj). Without restriction, we assume
i = j = 1.
We say that a homotopy group of G in degree i survives to GH if the
map pii(G)→ pii(GH) induced by the projection is injective. (Analogously
for rational homotopy groups.)
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Table 5. biquotients GH, Case 1
real type GH
S7 SU(4)SU(3), Sp(2)Sp(1)
S4 × S3 (Sp(2)/Sp(1))× Sp(1)
S2 × S5 SU(3)S1, SU(3)× Sp(1)S1 × Sp(1)
CP2 × S3 SU(3)× Sp(1)S1 × Sp(1)
remaining Sp(1)× Sp(1)× Sp(1)S1 × S1
Lemma 3.6. Let M7 = GH be a simply-connected biquotient. Then either
the homotopy group of G of largest degree or the one of second largest degree
survives to GH.
Proof. We show that if the largest degree does not survive, the second
largest one does. In this case G1 and H1 are as in Lemma 3.1.
If G1/H1 = S2n−1 with n ≥ 4, then, in order to kill the largest remaining
degree, there must be a factor H2 which is mapped under the orbit inclusion
into G1 and such that pi2n−1(H2)⊗Q maps surjectively to pi2n−1(G1)⊗Q.
For rank reasons—H1 × H2 includes into G1 then—such an H2 does not
exist.
In the case G1/H1 = SU(2n)/Sp(n) with n ≥ 2, we would need an H2
with rkH2 ≤ n−1 including into SU(2n) and killing degree 4n−3 homotopy.
For a classical Lie group it is easy to see that this is not possible—the case
of largest degree rational homotopy with smallest rank being realised by
Sp(n). For exceptional Lie groups we use Table 2. The only Lie group which
might kill an element of degree 4n− 3 is E6 with degrees 9 and 17. However,
4n − 3 = 9 implies n = 3, 4n − 3 = 17 implies n = 5 and E6 6⊆ SU(6),
E6 × Sp(5) 6⊆ SU(10).
If G1/H1 = Spin(7)/G2 = S7, we cannot find a group of rank 1 killing an
element of degree 7.
If G1/H1 = Spin(8)/G2 = S7 × S7, the only group H2 of rank at most
two potentially killing an element in degree 7 is Sp(2). However, G2×Sp(2)
is not a subgroup of Spin(8) by the classification of maximal rank subgroups
due to [8].
In the case G1/H1 = E6/F4 it is impossible to kill an element of degree
17 by a group of rank at most 2. 
We use this lemma to produce Table 6 of potential factors of G in Case
2 (up to isomorphism and finite covering). That is, we identify all simple
groups which have either top degree rational homotopy smaller than the top
degree rational homotopy of the respective case or which appear in Lemma
3.1 and have the property that their second largest rational homotopy group
lies in a degree not larger than the largest one permitted by the respective
rational homotopy type.
Since we are in Case 2, we may assume that at least one factor G1 is one
of
SU(8),SU(6),SU(4),SO(8),SO(7)(14)
due to Lemma 3.1.
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Table 6. potential factors Gj , Case 2
real type deg pi∗(M) Gj
S7 7 SU(4),SU(3),SU(2),SO(8),
SO(7),SO(5)
S4 × S3 3, 4, 7 SU(4),SU(3),SU(2),SO(8),
SO(7),SO(5)
S2 × S5 2, 3, 5 SU(4),SU(3),SU(2)
CP2 × S3 2, 3, 5 SU(4),SU(3),SU(2)
remaining 2, 2, 3, 3, 3 SU(3),SU(2)
We have the same maximal number of factors Gj in the respective cases as
above, we use rkG = rkH + 1 and dimG = 7 + dimH in order to determine
all potential pairs (G,H) with G1 from the list in (14) which may arise in
Case 2. Combining these general arguments with concrete computations
of rational homotopy groups and Betti numbers using concrete potential
inclusions of Lie groups we see that GH is as in Table 7. We used
Table 7. biquotients GH, Case 2
real type GH
S7 Spin(7)/G2,SO(8)/SO(7)
S4 × S3
S2 × S5 SU(4)× Sp(1)Sp(2)× S1
CP2 × S3
remaining
Lemma 3.7. We have SU(4)× Sp(1)Sp(2)× S1 'Q S2 × S5.
Proof. Since Sp(2) × S1 is not a maximal rank subgroup of SU(4), the
orbit inclusion maps S1 non-trivially to Sp(1). That is, identifying the
biquotient up to diffeomorphism with H\G × G/∆G (cf. [37]) this map
is identified with H → G × G/∆G. Thus the projection of the inclusion
S1 ↪→ (SU(4)× Sp(1))2 onto both Sp(1)-factors cannot be identical.
Moreover, there is no non-trivial map from Sp(2) to Sp(1). Building the
model of the biquotient we thus see that the square of the generator of the
rational cohomology algebra corresponding to the S1-factor vanishes. Thus
the rational homotopy type of the biquotient is S2 × S5. 
Now both Tables 5 and 7 combine to yield Table 1 and prove Theorem C.
Let us now prove Theorem B. We need the following lemma, which follows
the arguments in [9, Example 8.4, p. 130].
Lemma 3.8. Suppose M7 = M4 × S3. Then M7 cannot carry a metric of
holonomy G2.
Proof. Since M7 is simply-connected, so is M4 and H3(M7) = H3(S3)
generated by a pullback of the volume form ω of S3. Thus the bilinear form
(a, b) 7→ ∫M7 a · b · ω (with a, b,∈ H2(M7)) is just the intersection form on
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M4. If M7 carries a metric of holonomy G2, the intersection form of M
4 is
(negative) definite. Since M7 is spin, so is M4. Due to Donaldson (cf. [12,
Theorem 1.3.1]) the manifold M4 can only be spin, if b2(M
4) = 0. In this
case the Hirzebruch signature formula implies that p1(M
4) = 3σ(M4) = 0
where σ(M4) denotes the signature of M4. This implies that both M4 and
then also M7 have vanishing first Pontryagin class; a contradiction. 
Proof of Theorem B. From Table 1 we see that a simply-connected
biquotient has b3 6= 0 if an only if it is S4 × S3, SU(3)× Sp(1)S1 × Sp(1)
or Sp(1) × Sp(1) × Sp(1) S1 × S1. Due to Lemma 3.3 we have that a
biquotient SU(3)×Sp(1)S1×Sp(1) has either the rational type of S2× S5
or is diffeomorphic to the product CP2 × S3. In total, this means that
unless M7 splits as a genuine product M4 × S3 up to diffeomorphism, M
is Sp(1) × Sp(1) × Sp(1) S1 × S1. The product manifold cannot carry
G2-holonomy due to Lemma 3.8.
For the case of homogeneous spaces we either observe that also the remain-
ing biquotient case then can only be realized by a genuine product or we use
the classification in [25] together with the computations of the Betti numbers
there. They show exactly that a seven dimensional homogeneous space can
only have b3 6= 0 if it splits as a product with an S3-factor. Alternatively, we
might use that a homogeneous space of the form G/T is stably parallelisable;
hence its first Pontryagin class vanishes. 
4. On properties of positive quaternion Ka¨hler manifolds
Let us now deal with closed oriented manifolds of holonomy Sp(n)Sp(1),
quaternion Ka¨hler manifolds. They are Einstein and thus their scalar curva-
ture is either negative, positive or vanishes. A complete quaternion Ka¨hler
manifold of positive scalar curvature is called a positive quaternion Ka¨hler
manifold. Due to LeBrun–Salamon they are conjectured to be symmetric
and various classification results do confirm this in special cases (see [33],
[36], [14], [4], [3], etc.) In the symmetric case (and more generally in the
homogeneous case) there is a classification yielding one such space for each
of the classical and the exceptional complex Lie algebras. The symmetric
positive quaternion Ka¨hler manifolds, the so-called Wolf spaces, correspond-
ing to the exceptional Lie algebras are called the exceptional Wolf spaces
(like G2/SO(4), . . . ).
A positive quaternion Ka¨hler manifold M is simply-connected. We denote
by bi = dimH
i(M ;Q) the Betti numbers of M , by ci = dimpi∗(M)⊗Q the
homotopy Betti numbers and by (ΛV,d) a minimal model of M .
We may assume that b2 = 0, since otherwise M is homothetic to the
symmetric spaces Gr2(Cn+2)—see [36, Theorem 5.5, p. 103]. Odd Betti
numbers of M vanish (see [33, Theorem 6.6, p. 163]). In particular, we may
assume M to be rationally 3-connected. From [35, Theorem 5.4, p. 403] we
cite the following relations for the Betti numbers of a positive quaternion
Ka¨hler manifold of dimensions 12 respectively 16. In the first case we have
that b6 = 0, in the second one it follows that −1 + 3b4− b6 = 2b8. A positive
quaternion Ka¨hler manifold has the Hard-Lefschetz property with respect to
a 4-form, the Kraines form (as follows easily from the classical Hard-Lefschetz
property of its twistor space, which is a Ka¨hler manifold).
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Positive quaternion Ka¨hler manifolds exist only in dimensions divisible by
four and are classified up to dimension eight (see [33], [4]).
Due to work of Galicki, Salamon and the author (see [36], [2]) it was
obtained that a positive quaternion Ka¨hler manifold of dimension 4n with
n ∈ {1, 3, 4, 5, 6} is homothetic to a quaternionic projective space, if its fourth
Betti number equals one. (Note that the eight-dimensional exceptional Wolf
space G2/SO(4) has the rational homotopy type of HP2.)
We vary this theorem for positive quaternion Ka¨hler manifolds over an
underlying biquotient. (Note that both structures need not be related.)
Theorem 4.1. Let M be a biquotient which also bears the structure of a
positive quaternion Ka¨hler manifold. Suppose M has the rational homotopy
type of a compact rank one symmetric space.
Then M is homothetic to a quaternionic projective space, the exceptional
Wolf space G2/SO(4) or the Wolf space Gr2(C4).
Proof. A positive quaternion Ka¨hler manifold M is simply-connected. The
simply-connected compact rank one symmetric spaces are Sn, CPn, HPn,
CaP2. As stated above, positive quaternion Ka¨hler manifolds satisfy Hard-
Lefschetz with respect to the Kraines form in degree 4. Moreover, if b2(M) 6=
0, then M ∼= Gr2(Cn+2). It is easy to check that Gr2(Cn+2) 6'Q CP2n in
dimensions larger than 4 and that Gr2(C4) 'Q CP2. Thus for cohomological
reasons it follows that we can focus on the case when M 'Q HPn.
We may assume that dimM > 8 due to the classification of positive
quaternion Ka¨hler manifolds in low degrees. In other words, it remains to
show that for dimM ≥ 12, M is homothetic to HPn.
We apply the classification of simply-connected biquotients in [24]. Indeed,
we see that any such biquotient which has the rational homotopy type of a
quaternionic projective space is either diffeomorphic to a compact rank one
symmetric space or to a space from [24, Table I, p. 150].
If M is diffeomorphic to HPn, it is homothetic to HPn, since pi2(M) = 0
determines the homothety type—see [36, Theorem 5.5 (i), p. 103].
The only biquotient M from the table which satisfies dimM ≥ 12 and
which has the rational type of a quaternionic projective space is the biquotient
∆SU(2)\SO(4n+ 1)/SO(4n− 1) 'Q HP2n−1.
Suppose M is this biquotient. The computation on [24, p. 158] shows
that H2(M ;Z) = 0. Due to [33, Theorem 6.3, p. 160] this yields that
M would have to be homothetic to the quaternionic projective space; a
contradiction. 
Theorem 4.2. A rationally elliptic 16-dimensional positive quaternion
Ka¨hler manifold is either homothetic to HP4 or Gr2(C6) or has the Betti
numbers and homotopy Betti numbers of G˜r4(R8).
Proof. We may assume that M is rationally 3-connected unless M ∼=
Gr2(C6). Since M is an F0-space and formal, we cite
dimV even = dimV odd ≤ cat(ΛV,d) = c(ΛV,d) = 4(15)
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from [16, Theorem 32.6 (iv), p. 441] and [16, Example 4, p. 388] using
Hard-Lefschetz. (Here cat denotes Lusternik–Schnirelmann category and c
the cup-length.)
We combine the equation
−1 + 3b4 − b6 = 2b8
with the Hard-Lefschetz property to obtain that
(b4, b6, b8) ∈ {(1, 0, 1), (2, 1, 2), (3, 0, 4), (3, 2, 3), (4, 1, 5), (4, 3, 4), (5, 0, 7),
(5, 2, 6), (5, 4, 5), . . . }
(The remaining triples satisfy b4 ≥ 6.) It follows that c1 = c2 = c3 = 0, c4 =
b4, c5 = 0, c6 = b6. Thus by Equation (15) we have b4 + b6 ≤ 4 in particular,
which reduces the list to the triples
(b4, b6, b8) ∈ {(1, 0, 1), (2, 1, 2), (3, 0, 4)}
The first triple yields that M is homothetic to HP4 due to [20].
For the case b4 = 2 we may cite theorem [22, Theorem 1.1, p. 2], which
excludes exactly a possible occurrence of this Betti number configuration.
If b4 = 3, as above we derive that
dimpiodd(M)⊗Q = dimpieven(M)⊗Q = 3
We compute
dim
(
ΛV
)8
= dim Sym2(V
4) + c8
=
b4(b4 + 1)
2
+ c8
=6 + c8
As d|V 7 is injective, we obtain that
4 = dimH8(M) = dim
(
ΛV
)8 − dimV 7 = 6 + c8 − c7
As dimpieven(M) ⊗ Q = 3, we see that c8 = 0 and that c7 = 2. By (7)
we compute that c11 = 1 and the remaining ci vanish. This configuration
corresponds to G˜r4(R8) as a simple calculation of the minimal model of this
space shows. 
A similar investigation for 12-dimensional positive quaternion Ka¨hler
manifolds M shows that M has either the Betti numbers and the homotopy
Betti numbers of HP3, Gr2(C5), G˜r4(R7) or b4 = 3, c4 = 3, c7 = 3 (with
the remaining ones zero).
In fact, from (5) we derive that c4 ≤ 3. If c4 = 1, we know that the
cohomology module is concentrated in degrees 0, 4, 8, 12—we may assume
rational 3-connectedness; and we use b6 = 0, the fact that odd Betti numbers
vanish and Poincare´ duality for this. Due to Hard-Lefschetz it follows that
M 'Q HP3 in this case.
Assume now that c4 = 2. Then b4 = 2 and b8 = 2 by Poincare´ duality.
Due to Hard-Lefschetz H8(M) is generated by multiples of the Kraines form.
Thus there is a homotopy group in degree 7 representing a relation in degree
8, i.e. c7 = 1. From (7) it follows that c15 = 1 and the remaining ci vanish.
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Suppose now that c4 = 3. Similarly, we derive that b4 = b8 = 3 and c8 = 0,
c7 = (
(
3
2
)
+ 3)− 3 = 3, due to Hard-Lefschetz. It follows from (8) that ci = 0
otherwise.
5. Geometrically formal manifolds of special holonomy
We shall now deal with formal metrics of special holonomy on compact
closed manifolds. Recall that a Riemannian metric is called formal, if
the product of harmonic forms is again harmonic. A manifold is called
geometrically formal, if it admits a formal metric. The Betti numbers of
geometrically formal manifolds are restricted by the ones of the torus of the
same dimension [26, Theorem 6, p. 524]. In the following we strengthen
this under special holonomy. Recall that manifolds of special holonomy are
conjectured to be formal (cf. [5]). Formality is a natural obstruction to
geometric formality.
5.1. Manifolds of holonomy G2 respectively Spin(7). In the following
we assume the metric of special holonomy to be formal.
Proposition 5.1. • A compact closed Riemannian manifold with a
formal metric of holonomy G2 satisfies b2 ≤ 14, b3 ≤ 28.
• A compact closed Riemannian manifold with a formal metric of
holonomy Spin(7) satisfies b3 ≤ 48, b2 ≤ 21, b4 ≤ 63.
Proof. This is a direct consequence of Theorems [23, Theorem 10.2.4,
p. 246] and [23, Theorem 10.1.4, p. 244]. Indeed, these theorems yield an
orthogonal decomposition of the harmonic forms into subspaces coming
from an orthogonal decomposition of the differential forms into irreducible
G2-representations. It is observed that in degree 2 the subbundle of ΛT
∗M
yielding harmonic forms is at most 14-dimensional, in dimension three it is at
most 28-dimensional. From the proof of [26, Theorem 6, p. 524] we know that,
since the metric is also formal, this orthogonal decomposition is preserved by
harmonic forms and harmonic forms are determined by their coefficients on
a fibre. This implies that the dimension of the space of harmonic forms is at
most 14 in degree 2 and at most 28 in degree 3. The Hodge decomposition
yields the result.
In the case of Spin(7) the same arguments together with [23, Theorem
10.6.5, p. 260] yield the result. 
5.2. Positive quaternion Ka¨hler manifolds and Ka¨hler manifolds
with trivial Hodge decomposition. We call the Hodge decomposition
on a Ka¨hler manifold trivial, if only (p, p)-cohomology exists. We shall call
a Riemannian metric g on a Riemannian manifold (Mn, g) weakly p-formal
for 1 ≤ p ≤ n− 1, if the product of any two harmonic forms in ADR(M)≤p
is a harmonic form. We shall call a Riemannian metric g on a Riemannian
manifold (Mn, g) p-formal for 1 ≤ p ≤ n− 1 if the product of a harmonic
i-form of degree i ≤ p with any other harmonic form is harmonic again.
Note that our definition of p-formality differs from the one used in [30].
However, there is a simple and nice parallel to the algebraic concept of
classical s-formality on compact manifolds—see [18] and [18, Theorem 3.1]
in particular.
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Proposition 5.2. A Riemannian metric on an (r-connected) manifold Mn
is formal if and only if it is bn/2c-formal (if and only if it is weakly (n−r−1)-
formal).
Proof. The product of any two harmonic forms is harmonic, since the
product of any two forms of degree larger than bn/2c vanishes. 
We observe that the proof of the fact that the Betti numbers of a geomet-
rically formal manifold are bounded by the Betti numbers of the torus of the
same dimension directly applies to yield a graded version
Proposition 5.3. If a Riemannian metric on a manifold Mn is p-formal,
then
bk(M) ≤ bk(Tn)
for k ≤ p.
Proof. Given an i-form x with i ≤ p we obtain that x ∧ ∗x = |x|2 dvolg is
harmonic again and thus x has constant length. Literally reproducing the
line of arguments in the proofs of [26, Lemmas 4 and 5, p. 523] for i-forms
proves the result in our case. 
We generalise the observation made in [30, Corollary 3.1, p. 208] saying
that primitive elements in H1,1(M) vanish if and only if their square vanishes
using different techniques. This will improve an estimate on Betti numbers
(cf. [26, Theorem 6, p. 524] for the general case and [30, Corollary 4.1, p. 211]
for the Ka¨hler case).
Theorem 5.4. Let (M2n, g) be a Ka¨hler manifold with Hodge decomposi-
tion satisfying H∗(M ;C) = ⊕ni=0H i,i(M), i.e. mixed terms of the Hodge
decomposition vanish. Suppose further that the metric g is p-formal.
Then the Betti numbers of M satisfy b0 = b2n = 1, bodd = 0 and
b2k(M) = b2(n−k) ≤
(
n
k
)
·
(n
k
)
−
( bn/kc−(bn/kc mod 2)∑
i=2
(
n− i+ 1
k − 1
))
respectively
b2k(M) = b2(n−k)
≤
(
n
k
)2
−
bn/kc−(bn/kc mod 2)∑
i=2
(
n− bi/2c)
k − (i mod 2)
)
·
(
n− b(i− 1)/2c
k − ((i− 1) mod 2))
)
for 0 < 2k ≤ min{p, n}. In particular, if (M, g) is geometrically formal, this
holds for 0 < 2k ≤ n.
If the metric is 2-formal, we can improve the estimate on the 2-forms as
b2(M) ≤ n− 1
More generally, if n is divisible by p and if (M, g) is p-formal (p even), we
obtain
bp(M) ≤
(
n− 1
p/2− 1
)
·
(
n
p/2
)
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Proof. We shall apply the Hodge–Riemann bilinear relations on a Ka¨hler
manifold: From [41, Theorem V.6.1, p. 203] we cite that—on a compact
Ka¨hler manifold M2n (of real dimension 2k)—the form
Q˜(η, µ) =
∑
max{s≥(r−n),0}
(−1)[r(r+1)/2]+s
∫
M
Ln−r+2s(ηs ∧ µs)
with Lefschetz decompositions η =
∑
Lsηs ∈ Hr(M ;C) and µ =
∑
Lsµs ∈
Hr(M ;C), i.e. with primitive ηs, µs, satisfies
Q˜(η, Jη¯) > 0
for η 6= 0 and J = ∑a,b ia−bΠa,b with canonical projections
Πa,b : H
a+b(M ;C)→ Ha,b(M) and Lefschetz operator L.
This, together with the Lefschetz decomposition, implies that for a Ka¨hler
manifold with trivial Hodge decomposition—in which case Q˜(η, Jη¯) =
Q˜(η, η)—the generalised intersection form Q˜ is positive definite.
We shall use this in the following way: The exterior square of a non-trivial
i-form with i ≤ n cannot vanish.
From [26, Lemma 5, p. 524] we recall that a form on M is harmonic if
and only if it is the linear combination over C∞(M,R) of an orthonormal
system of constant length harmonic forms with constant coefficient functions
only. We adapt the arguments presented there (requiring the formality of
the metric) to our case as in Proposition 5.3.
Thus, if (M, g) is p-harmonic, the vector space of harmonic i-forms with
i ≤ p is restricted by the number (2ni ) of i-forms on R2n.
The p-formality of the metric tells us that arbitrary powers of a harmonic
form x ∈ H2k(M ;C) are harmonic provided 2k ≤ p.
Using the fact that H2k(M ;C) = Hk,k(M) we decompose
x =
∑
j
ajdzj1 ∧ · · · ∧ dzjk ∧ dz¯j′1 ∧ · · · ∧ dz¯j′k
with aj ∈ C. Assume x to be non-trivial. We derive that xs with
s ≤ bn/kc(16)
s ≡ 0 mod 2
is a non-vanishing harmonic form—the fact that s is even lets us write xs as
a square.
Let us now investigate what it means for x that a certain power of it
does not vanish. Since (dzi)
2 = (dz¯i)
2 = 0, we derive that xs 6= 0 implies
that x has at least s non-zero summands (i.e. in particular l ≥ s) with the
property that they pairwise do not share any coordinate forms dzi, dz¯i as
factors in their respective wedge products. Thus we are looking for a linear
subspace V (s) of the (k, k)-forms ADR(Ck,k) with the property that every
non-trivial element in there has at least s summands and its s-fold power is
non-vanishing.
We shall provide an estimate for the dimension of this space. For this we
determine a direct linear complement to the described space. We observe
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that every element in the space
C(2) := 〈dz1 ∧ dz2 ∧ . . . ∧ dz¯1 ∧ . . . ,dz1 ∧ dz3 ∧ . . . , . . . 〉
generated by (k, k)-forms which all contain dz1 as a factor has a vanishing
square. We set
C(3) := C(2) ⊕ 〈dz2 ∧ dz3 ∧ . . . ∧ dz¯1 ∧ . . . ,dz2 ∧ dz4 ∧ . . . , . . . 〉
...
C(s) := C(s−1)
⊕ 〈dzs ∧ dzs+1 ∧ . . . ∧ dz¯1 ∧ . . . ,dzs ∧ dzs+2 ∧ . . . , . . . 〉
That is, the spaces with index l consist of all (k, k)-forms containing the
factor dzl and not containing the ones fixed in the previous factors. We
observe that every element in C(l) has vanishing l-fold power. Indeed, let
xi ∈ C(i). Then (
∑
i xi)
l is a linear combination of elements of word-length
kl in the dzi. Due to the construction of the C
(i), for every summand there
is an i such that dzi or dz¯i appears twice as a factor; i.e. every summand
vanishes. In particular, the intersection of C(s) with V (s) must be trivial.
We compute the dimensions of the C(i) as
dimC(2) =
(
n− 1
k − 1
)
·
(
n
k
)
dimC(3) = dimC(2) +
(
n− 2
k − 1
)
·
(
n
k
)
...
dimC(s) =
s−1∑
i=2
dimC(i) +
(
n− s+ 1
k − 1
)
·
(
n
k
)
=
( s∑
i=2
(
n− i+ 1
k − 1
))
·
(
n
k
)
For this, due to Equation (4), we may assume that s+ k ≤ n if 1 < k < n.
Let us discuss the cases k = 1 and k = n separately. In the latter case we only
obtain s = 0 (under the restrictions of the relations (4)) and dimH0,0(M) = 1.
If k = 1, the estimate holds as well.
Thus the dimension of V (s) satisfies
dimV (s) ≤ dim ADR(Ck,k)− dimC(s)
=
(
n
k
)
·
((
n
k
)
−
( s∑
i=2
(
n− i+ 1
k − 1
)))
if 1 < k < n.
We assume k ≤ bn/2c and we let 0 < s˜ be the largest s satisfying the
relations (4); obviously, we have
s˜ = bn/kc − (bn/kc mod 2)
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With the vector space Hk,k(M) of harmonic k, k-forms we derive
b2k(M) ≤ dimHk,k(M)
≤ dimV s˜
≤
(
n
k
)
·
(n
k
)
−
( bn/kc−(bn/kc mod 2)∑
i=2
(
n− i+ 1
k − 1
))
This estimate together with Poincare´ duality yields the first assertion.
It is obvious how to produce variations of the spaces C(l). We shall only
produce one of these, which will yield the second estimate.
C(2) := 〈dz1 ∧ dz2 ∧ · · · ∧ dz¯1 ∧ . . . ,dz1 ∧ dz3 ∧ . . . , . . . 〉
generated by (k, k)-forms which all contain dz1 as a factor has a vanishing
square. We set
C(3) := C(2) ⊕ 〈dz¯1 ∧ dz2 ∧ . . . ,dz¯1 ∧ dz3 ∧ . . . , . . . 〉
C(4) := C(3) ⊕ 〈dz2 ∧ dz3 ∧ . . . ,dz2 ∧ dz4 ∧ . . . , . . . 〉
C(5) := C(4) ⊕ 〈dz¯2 ∧ dz3 ∧ . . . ,dz¯2 ∧ dz4 ∧ . . . , . . . 〉
...
C(s) := C(s−1)
⊕ 〈dzs/2 ∧ dzs/2+1 ∧ · · · ∧ dz¯1 ∧ . . . ,dzs/2 ∧ dzs/2+2 ∧ . . . , . . . 〉
(if s is even.) That is, the spaces with even index l consist of all (k, k)-forms
containing the factor dzl/2 and not containing the ones fixed in the previous
factors. The spaces with odd index consist of all forms fixing the element
dz¯(l−1)/2 and not containing any of the previous forms. Again we observe
that every element in C(l) has vanishing l-fold power.
We compute the dimensions of the C(i) as
dimC(2) =
(
n− 1
k − 1
)
·
(
n
k
)
dimC(3) = dimC(2) +
(
n− 1
k − 1
)
·
(
n− 1
k
)
dimC(4) = dimC(3) +
(
n− 2
k
)
·
(
n− 1
k − 1
)
dimC(5) = dimC(4) +
(
n− 2
k − 1
)
·
(
n− 2
k
)
...
dimC(s) =
s−1∑
i=2
dimC(i) +
(
n− bs/2c)
k − (s mod 2)
)
·
(
n− b(s− 1)/2c
k − ((s− 1) mod 2))
)
=
s∑
i=2
(
n− bi/2c)
k − (i mod 2)
)
·
(
n− b(i− 1)/2c
k − ((i− 1) mod 2))
)
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Thus the dimension of V (s) satisfies
dimV (s) ≤ dim ADR(Ck,k)− dimC(s)
=
(
n
k
)2
−
s∑
i=2
(
n− bi/2c)
k − (i mod 2)
)
·
(
n− b(i− 1)/2c
k − ((i− 1) mod 2))
)
if 1 < k < n and the asserted second estimate follows.
Let us improve this estimate for b2(M) under the assumption of 2-formality
and n being even. Let x =
∑k
j ajdzj1 ∧ dz¯j2 ∈ H1,1(M) be a harmonic
(1, 1)-form with (constant) complex coefficients aj ∈ C. Then xn is a non-
vanishing harmonic 2n-form. Thus x has at least n non-vanishing summands
with the (in total 2n) pairwise disjoint factors dzi,dz¯i. That is, every
such form x, i.e. every sum of monomials, contains a subsum uniquely
determined by two permutations pi, τ of {1, 2, . . . , n}. In other words, x =
a1 · dzpi(1) ∧ dz¯τ(1) + a2 · dzpi(2) ∧ dz¯τ(2) + · · ·+ an · dzpi(n) ∧ dz¯τ(n) + . . . (and
other summands).
We shall now find an upper bound for the dimension of a vector space V
containing only elements of the form of x. We shall see that dimV ≤ n− 1.
Indeed, without restriction, we may choose n basis elements (xi)1≤i≤n of the
above form. Expressing these elements in the basis (dzi ∧ dz¯j)1≤i,j≤n yields
an n× (n2) matrix. The first n columns give the coefficients of the elements
(dz1 ∧ dz¯j)1≤j≤n. (No further dz1 appear.) We may bring this matrix into
“upper triangular form”—by abuse of notation, as it not quadratic. This
implies that we may find a linear combination x of the xi with the property
that x has no non-trivial summand containing dz1 as a factor. Consequently,
xn = 0; a contradiction.
The analogous arguments apply for the respective estimate on p-forms.
We use that after fixing dz1 we may choose p/2− 1 coordinate funtions out
of dzi and p/2-many out of the dz¯i.
Finally, under the assumption of 2-formality let us give the line of ar-
guments which provides that b2(M) ≤ n − 1 irrespective of the parity of
n. For this we consider the Riemannian product M × CP1 which is of
dimension 2(n+ 1). It is easy to see—cf. [31, Lemma A.2, p. 360]—that its
harmonic (1, 1)-forms are given by the linear combinations of the (pullbacks
of the Euclidean projections of the) harmonic 2-forms of M and CP1. Thus
bi(M × CP1) = bi(M) for i 6= 2, b2(M × CP1) = b2(M) + 1 and M × CP1
has trivial Hodge decomposition in the sense of this theorem. If n is odd,
we have that b2(M × CP1) ≤ n by the arguments above. This implies that
b2(M) ≤ n− 1. This finishes the proof. 
Corollary 5.5. The estimates from Theorem 5.4 hold for the twistor space
(Z, g) of a positive quaternion Ka¨hler manifold provided (Z, g) is p-formal.
Proof. According to the proof of [33, Theorem 6.6, p. 163] the Ka¨hler
manifold (Z, g) has a Hodge decomposition concentrated in (k, k)-degrees
only. 
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The simplest example of such a manifold is CP2n+1. It was shown in [28]
that the twistor space of Gr2(Cn+2) is not geometrically formal in general.
We shall now state the analogous theorem for positive quaternion Ka¨hler
manifolds, i.e. connected oriented manifolds with complete metric, positive
scalar curvature and holonomy contained in Sp(n)Sp(1)—see [33], [36], [1].
Theorem 5.6. Let (M4n, g) be a positive quaternion Ka¨hler manifold. Sup-
pose further that the metric g is p-formal.
Then the Betti numbers of M satisfy b0 = b2n = 1, b2 ≤ 2, bodd = 0 and
bk(M) = b4n−k ≤
(
4n
k
)
−
b4n/kc−(b4n/kc mod 2)∑
i=2
(
4n− i+ 1
k − 1
)
for 0 < k ≤ min{p, 2n}. In particular, if (M, g) is geometrically formal, this
holds for 0 < k ≤ 2n.
If 2n is divisible by p and if (M, g) is p-formal, we obtain
bp(M) ≤
(
4n− 1
p− 1
)
Proof. Basically due to the fact that the twistor space of a positive quater-
nion Ka¨hler manifold is a Ka¨hler manifold with trivial Hodge decomposition
in the above sense, the twistor transform yields that the generalised intersec-
tion form
Q(x, y) = (−1)r/2
∫
M
x ∧ y ∧ un−r/2
of M (with [x], [y] ∈ Hr(M4n,R), r ≥ 0 even and where u denotes the
Kraines form in degree 4) is positive definite—see [19], [29], [1, Theorem
1.16, p. 13]. Consequently, as in the proof of Theorem 5.4 we obtain that
p-formality implies that the s-fold power xs of a k-form 0 6= x with k ≤ p is
a non-vanishing harmonic form provided
s ≤ b4n/kc(17)
and
s ≡ 0 mod 2(18)
We may reproduce the arguments from the proof of Theorem 5.4 in order
to show that the spaces
C(2) := 〈dx1 ∧ dx2 . . . ,dx1 ∧ dx3 ∧ . . . , . . .〉
...
C(s) := C(s−1) ⊕ 〈dxs ∧ dxs+1 . . . ,dxs ∧ dxs+2 ∧ . . . , . . .〉
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(defined as above) with coordinate forms dxi satsify that an element from C
(l)
has vanishing l-fold power. Again we compute the dimensions and obtain
dimC(2) =
(
4n− 1
k − 1
)
dimC(3) = dimC(2) +
(
4n− 2
k − 1
)
...
dimC(s) =
s−1∑
i=2
dimC(i) +
(
4n− s+ 1
k − 1
)
=
s∑
i=2
(
4n− i+ 1
k − 1
)
Define V (s) as a linear subspace of the k-forms ADR(Ck,k) with the property
that every non-trivial element in there has at least s summands and its s-fold
power is non-vanishing. Thus the dimension of V (s) satisfies
dimV (s) ≤ dim ADR(Ck,k)− dimC(s)
=
(
4n
k
)
−
s∑
i=2
(
4n− i+ 1
k − 1
)
We assume k ≤ 2n and we let 0 < s˜ be the largest s satisfying the relations
(5), i.e.
s˜ = b4n/kc − (b4n/kc mod 2)
With the vector space Hk(M) of harmonic k-forms we derive
bk(M) ≤ dimHk(M)
≤ dimV s˜
=
(
4n
k
)
−
b4n/kc−(b4n/kc mod 2)∑
i=2
(
4n− i+ 1
k − 1
)
This estimate together with Poincare´ duality, the fact that b2 ≤ 1 and
bodd = 0 on a positive quaternion Ka¨hler manifold (see [33], [36], [1, Theorem
1.13, p. 11]) yields the first assertion.
As for the remaining assertion, once again, we argue in the same way as
in the proof of Theorem 5.4. 
Examples of geometrically formal positive quaternion Ka¨hler manifolds are
the symmetric ones, i.e. the Wolf spaces like HPn, Gr2(Cn+2), G˜r4(Rn+4),
etc.
Remark 5.7. First of all one needs to observe that building different spaces
in the proof of Theorem 5.4 will yield several more estimates out of which we
only selected two extremal cases. Thus there is still potential for improving
the bounds in several specific cases. It is, however, not our goal to completely
finetune the results, but to present the ideas behind such a process which is
left to the interested reader.
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Note that the first estimate in Theorem 5.4 yields
b2(M
2n) ≤
{
n if n is even
2n if n is odd
whereas the second one produces
b2(M
2n) ≤ n2 −
n−(n mod 2)∑
i=2
n− bi/2c
The one in Theorem 5.6 yields
b2(M
4n) ≤ 2n2 + n
In Table 8 we shall explicitly compute some estimates provided by the
Theorems—thus comparing the new estimates to the known one provided
by bi(M
n) ≤ bi(T dimM ). Note that due to the classification of positive
Table 8. Exemplary Betti number bounds
dimM= Ka¨hler trivial Hodge PQK T dimM
4 b2 ≤ 3 b2 = 6
6 b2 ≤ 5 b2 = 15
8 b2 ≤ 7 b2 = 28
b4 ≤ 18 b4 = 70
10 b2 ≤ 9 b2 = 45
b4 ≤ 60 b4 = 210
12 b2 ≤ 11 b2 ≤ 2 b2 = 66
b4 ≤ 150 b4 ≤ 165 b4 = 495
b6 ≤ 200 b6 ≤ 462 b6 = 924
14 b2 ≤ 13 b2 = 91
b4 ≤ 315 b4 = 1001
b6 ≤ 700 b6 = 3003
16 b2 ≤ 15 b2 ≤ 2 b2 = 120
b4 ≤ 196 b4 ≤ 455 b4 = 1820
b6 ≤ 1960 b6 ≤ 5005 b6 = 8008
b8 ≤ 2450 b8 ≤ 6435 b8 = 12870
quaternion Ka¨hler manifolds in dimensions 4 and 8, we start computing
bounds for them in dimension 12. Moreover, one might now apply a known
relation on the Betti numbers of a positive quaternion Ka¨hler manifolds—[33],
[36], [1, Theorem 1.13, p. 11]—in order to improve the situation slightly
further. 
Let us now motivate the conjecture we made in the introduction and
which claims that positive quaternion Ka¨hler manifolds are both (rationally)
elliptic and geometrically formal. Indeed, the LeBrun–Salamon conjecture
implies that a positive quaternion Ka¨hler manifold should be a symmetric
space. Consequently, it is homogeneous and elliptic and geometrically formal,
since the invariant forms are the harmonic forms due to Cartan.
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There is also direct instrinsic motivation for this conjecture. Note that the
curvature condition is actually stronger than just positive scalar curvature:
The sum of the curvatures in I, J , K directions are positive ([7, Formula
14.42b, p. 406]). Moreover, important results from the theory of positive
sectional curvature like the connectedness theorem by Wilking ([42]) also
hold for Positive Quaternion Ka¨hler manifolds ([13, Theorem A, p. 150]).
This might suggest that in the quaternionic setting positive scalar curvature
might be regarded as a substitute for positive sectional curvature to a certain
extent.
The Bott conjecture claims that a manifold of non-negative sectional curva-
ture should be (rationally) elliptic ([21]). The equally famous Hopf conjecture
in positive curvature states that the Euler characteristic should be positive.
A combination of both says that the manifold should be positively elliptic.
In the quaternionic setting, we already have positive Euler characteristic; the
fact that the odd Betti numbers of a positive quaternion Ka¨hler manifolds
vanish would be just equivalent to positive Euler characteristic once we have
rational ellipticity (see [16, Proposition 32.10, p. 444]). In other words, this
obstruction to rational ellipticity vanishes. The first part of the conjecture
above hence can be considered a quaternionic Bott conjecture. (Of course,
note that if a quaternion Ka¨hler manifold has positive sectional curvature, it
is homothetic to HPn already.)
It seems that until now not many more examples of geometrically formal
manifolds are known than symmetric spaces, some homogeneous ones, etc
(cf. [27, Theorem 13, p. 503]). A confirmation of the conjecture above then
might be at least morally a good progress towards the LeBrun–Salamon
conjecture. (Note that the homogeneous positive quaternion Ka¨hler manifolds
were classified to be Wolf spaces by Alekseevski.)
We observe that both implications of the conjecture separately imply
upper bounds on the Betti numbers, as we have seen above. Till today no
general upper bound even just on the Euler characteristic seems to be known.
However, not only the implications are similar, both claims also share a
common obstruction, which is formality. Indeed, it is easy to see that formal-
ity is an obstruction to geometric formality (using the Hodge decomposition).
Due to Halperin it is know that rationally elliptic spaces of positive Euler
characteristic are formal. This obstruction of formality vanishes on arbitrary
positive quaternion Ka¨hler manifolds due to [5].
6. Changing coefficients
Let k and K⊇k be fields of characteristic 0. Denote by
mk⊆K(X) := {k-homotopy types which have the K-homotopy type X(K)}
for a simply-connected CW-complex X. (By X(K) we denote localisation, as
usual—see [16, Chapter 9, p. 102].)
Theorem 6.1. Suppose that K⊇k is a finite field extension. Assume further
that dimH∗(X;Q) is finite dimensional.
Then |mk⊆K(X)| is finite. In particular, there are finitely many n-
dimensional k-types if and only if there are finitely many such K-types.
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Proof. Let (ΛV,d) be the minimal Sullivan model of X over k. Then
(ΛV ⊗K, d⊗K) is the minimal Sullivan model of X over K.
Let us show that the number of k-automorphisms of (ΛV,d) tensoring to
the same K-automorphism is finite. This will imply the result.
For this write K = k[r1, r2, . . . , rl]—K is a finite field extension of k.
Denote by fxi,j the morphism ΛV ⊗K→ ΛV ⊗K, xi 7→ rjxi for xi, i ∈ I, a
homogeneous basis element of V and 1 ≤ j ≤ l. Consider the monoid
A := (fxi,j | i ∈ I, 1 ≤ j ≤ l) ∪ {id}
generated via composition by the fxi,j . Then every automorphism of ΛV ⊗K
is of the form g ◦ (f ⊗K) with f ∈ Aut(ΛV ) and g ∈ A.
Let us now understand the automorphisms compatible with differentials.
Suppose that f ∈ Aut(ΛV,d) is an automorphism compatible with the
differential. Since H(ΛV,d) = H∗(X;Q)⊗ k is finite-dimensional, we derive
that f(v) for v ∈ V >n is uniquely determined by f |(ΛV,d)≤n for n = dimX
the formal dimension of X. This implies that an automorphism of (ΛV,d) is
determined by a suitable choice of the image of a finite homogeneous basis
of V ≤n. From the fact that the automorphisms of ΛV ⊗ K decompose as
g ◦ (f ⊗K) with g ∈ A, f ∈ Aut(ΛV ), we deduce that there are only finitely
many automorphisms of (ΛV ⊗K, d⊗K) which are not of the form h⊗K
with h ∈ Aut(ΛV,d).
Every rational type (ΛV˜ , d˜) ∈ mk⊆K(X) induces an isomorphism (ΛV˜ ⊗
K, d˜ ⊗ K) ∼= (ΛV ⊗ K, d ⊗ K) of K-types, respectively an automorphism
of (ΛV ⊗K,d⊗K). If this automorphism is induced by an automorphism
over k, then the two types are actually one type over k. Since there are
only finitely many such automorphisms, there are only finitely many k-types,
i.e. mk⊆K(X) is finite.
The assertion is trivial, if there are only finitely many K-types. 
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